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Fluctuation-induced first-order transition in p-wave superconductors
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The problem of the order of the phase transition in p-wave superconductors is considered. In the extreme
type-I regime, the transition is fluctuation-induced first order. Outside of that regime, the theory is controlled
by generalizing the order parameter to have n components, with n> 1, in analogy to the treatment of s-wave
superconductors by Halperin ef al. Both an € expansion about d=4 and a large-n expansion suggest that the
transition is first order for the physical case n=6 in d=3. This result is analogous to what is known about the

s-wave case, and caveats analogous to that case apply.
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I. INTRODUCTION

Bardeen-Cooper-Schrieffer (BCS) theory predicts that the
phase transition from the normal state to the superconducting
state in s-wave superconductors is continuous or second or-
der. However, in 1974 Halperin et all argued, based on a
4 — € expansion, that the coupling between the superconduct-
ing order parameter and the electromagnetic vector potential
drives the transition first order. This conclusion is inevitable
for extreme type-1 superconductors where fluctuations of the
order parameter are negligible and the vector potential can be
integrated out exactly. The mechanism in this case is known
as a fluctuation-induced first-order transition, and it is analo-
gous to the spontaneous mass generation known in particle
physics as the Coleman-Weinberg mechanism.?> When order-
parameter fluctuations cannot be neglected, and especially
for type-II superconductors, the problem cannot be solved
exactly. The authors of Ref. 1 generalized the problem by
considering an n/2-dimensional complex order parameter
and conducting a renormalization-group (RG) analysis in d
=4 - € dimensions. The physical case of interest is n=2 and
€=1. To first order in € they found that a RG fixed point (FP)
corresponding to a continuous phase transition exists only
for n>365.9, which suggests that for physical parameter val-
ues the transition is first order even in the type-II case. They
corroborated this conclusion by performing a large-n expan-
sion for fixed d=3. To first order in 1/n, the critical exponent
v is positive only for n>9.72, which again strongly suggests
that the transition in the physical case n=2 is first order. For
superconductors, due to the large correlation length and the
correspondingly small size of the fluctuations, the size of the
first-order discontinuity is too small to be observable. For the
analogous smectic-A to nematic transition in liquid crystals,
on the other hand, it was predicted to be much larger, and,
indeed, experimentally observable. In contrast to this theo-
retical prediction, experiments on liquid crystals showed, and
continue to show to this day, a clear second-order transition.?
This prompted a re-examination of the theory by Dasgupta
and Halperin.* Using Monte Carlo data and duality argu-
ments, these authors argued that a strongly type-II supercon-
ductor in d=3 should show a second-order transition after
all. Subsequent studies using similar techniques led to a pic-
ture where the transition is first order in the strongly type-I
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region and continuous in the strongly type-II region, with a
tricritical point at a critical value of the Ginzburg-Landau
parameter k separating the two regimes.>~’ Why the continu-
ous transition does not show as a critical fixed point in a 4
— € expansion is not quite clear. One possible explanation is
that the fixed point is not perturbatively accessible. Another
is that the critical value of n in the generalized model, which
is close to 366 near d=4 where the € expansion is controlled,
decreases to a value less than 2 as the dimension is lowered
to the physical value d=3. Herbut and Tesanovic®® showed
that the critical value of n, above which there is a second-
order transition, decreases rapidly with increasing €, and that
a RG analysis in a fixed dimension d=3 to one-loop order
does yield a critical fixed point for systems that are suffi-
ciently strongly type II. Kleinert'® suggested that the usual
U(1) gauge theory is incomplete and needs to be supple-
mented by a vector gauge field in addition to the vector
potential.

Recently there has been substantial interest in unconven-
tional superconductivity. In particular, Sr,RuO, has emerged
as a convincing case of p-wave superconductivity,'-!? and
UGe, is another candidate.'? This raises the question whether
for such systems the fluctuation-induced first-order mecha-
nism is also applicable, or whether the additional order-
parameter degrees of freedom allow for a critical RG fixed
point, signaling a second-order transition, even though no
such fixed point is found in the s-wave case. Here we inves-
tigate this problem. By conducting an analysis for p-wave
superconductors analogous to the one of Ref. 1, we find that
there is no critical fixed point, as in the s-wave case. This
analysis suggests that, for p-wave superconductors, the tran-
sition is also first order, at least in the type-I regime, although
the restrictions are somewhat less stringent than in the
s-wave case. In the type-II regime, presumably the same res-
ervations regarding the validity of this analysis apply as in
the s-wave case.

This paper is organized as follows. In Sec. II we define
our model and derive the mean-field phase diagram. In Sec.
IIT we determine the nature of the phase transition. We do so
first in a renormalized mean-field approximation that ne-
glects fluctuations of the superconducting order parameter.
We then take such fluctuations into account, first by means of
a RG analysis in d=4 - € dimensions, and then by means of a
1/n expansion. In Sec. IV we summarize our results.
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II. MODEL

Let us consider a Landau-Ginzburg-Wilson (LGW) func-
tional appropriate for describing spin-triplet superconducting
order. The superconducting order parameter is conveniently
written as a matrix in spin  space,'t A,(k)
=Ei=]d (k) (0,i03) 5. Here 0 5 5 are the Pauli matrices, k is
a wave vector, and the d,, are the components of a complex

N
three-vector d(k). p-wave symmetry implies d,(k)
:2,3'=1d M-Igj, with k a unit wave vector. The tensor field d 11/ (X)

is the general order parameter for a spin-triplet p-wave su-
perconductor and it allows for a very rich phenomenology.
For definiteness we will constrain our discussion to a simpli-
fied order parameter describing the so-called S state,'* which
has been proposed to be an appropriate description of
UGe,.!? It is given by a tensor product d=¥® ¢ of a com-
plex vector ¢ in spin space and a real unit vector ¢ in orbital
space. The ground state is given by #¥=Ay(1,i,0), ¢
=(0,0,1). In a weak-coupling approximation that neglects
the coupling between  and ¢, which is of order D?¢? ¢, the
action depends only on #,

S=fdx{t"”lz”u’ﬂ%ulwl‘%vlwx yP

+L(v xA)Z} (2.1)
8mu

Here A is the vector potential, D=V—-igA is the gauge-
invariant gradient with g=2e the Cooper pair charge (we use
units such that Planck’s constant and the speed of light are
unity), and [Dyd*=(D;i,)(D; ;) with summations over i
and « implied. w is the normal-state magnetic permeability,
and t, ¢, u, and v are the parameters of the LGW functional.
The fields ¢ and A are understood to be functions of the
position x.

For later reference we now generalize the vector ¢ from a
complex three-vector to a complex m-vector with compo-
nents i, so that the total number of order-parameter degrees
of freedom is n=2m. In order to generalize the term with
coupling constant v we use of the following identity for
three-vectors:

| X P = P obpilp = Vbt (2.2)
and notice that the right-hand side is well defined for a com-
plex m vector. Our generalized action now reads

S= J dx{rwawm (D) (D}5) — vdabotiphs

* * l
+ (U +0) o bpths + %ij(o"f‘\k) €im(IA ) |,

(2.3)

with «,B=1,...m; i,j,...=1,2,3; and summation over re-
peated indices implied. In addition to the generalization of
the order parameter to an m-vector we will also consider the
system in a spatial dimension d close to d=4. The physical
case of interest is m=d=3.
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FIG. 1. Mean-field phase diagram of a p-wave superconductor
as described by Eq. (2.1). See the text for additional information.

III. NATURE OF THE PHASE TRANSITION
A. Mean-field approximation

The simplest possible approximation ignores both the
fluctuations of the order-parameter field i and the electro-
magnetic fluctuations described by the vector potential A.
The order parameter is then a constant, ¥(x)= s, and the
free-energy density f reduces to

F=tgf + ulgd* + vl < PP 3.1)
In order to determine the phase diagram we parameterize
the order parameter as follows:"
= (7 cos ¢+ i sin ). (3.2)
Here i is a real-valued amplitude, 77 and 7 are independent
real unit vectors, and ¢ is a phase angle. The free-energy
density can then be written

f= 10+ uy + vii[1 = (i - i) Jsin? 2. (3.3)

We now need to distinguish between two cases.

Case 1: v>0. The free energy is minimized by 77=r, and
Yg=—t/2u. The condition u>0 must be fulfilled for the sys-
tem to be stable.

Case 2: v<0. The free energy is minimized by 72 L m and
¢=/4, and ¢py=—1/2(u+v). The condition u+v >0 must be
satisfied for the system to be stable.

The first case implies ¢ X ¢ =0. This is referred to as the
unitary phase. In the second case, X ¢ # 0, which is re-
ferred to as the nonunitary phase. In either case, mean-field
theory predicts a continuous phase transition from the disor-
dered phase to an ordered phase at r=0. The mean-field
phase diagram in the u-v plane is shown in Fig. 1.

B. Renormalized mean-field theory

A better approximation is to still treat the order parameter
as a constant, ¥(x) = i, but to keep the electromagnetic fluc-
tuations. The part of the action that depends on the vector
potential then takes the form
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Sa= ﬁ f dxe{lGA*(x) + [V X A@)]},  (3.4a)

where

ky = (87 peq®|H)?

is the inverse London penetration depth. Since A enters S,
only quadratically, it can be integrated out exactly,'® and the
technical development is identical to the s-wave case.!” The
result for the leading terms in powers of |i{?> in d=3 is

f=Ayf +ulyl w2 ol x g2 (3.5)

Here w \qu is a positive coupling constant whose pres-
ence drives the transition into either of the ordered phases
first order.

There are several interesting aspects of this result. First,
the additional term in the mean-field free energy, with cou-
pling constant w, is not analytic in |¢{>. This is a result of
integrating out the vector potential, which is a soft or mass-
less fluctuation. Second, the resulting first-order transition is
an example of what is known as the Coleman-Weinberg
mechanism in particle physics,> or a fluctuation-induced
first-order transition in statistical mechanics.'

Let us discuss the validity of the renormalized mean-field
theory. The length scale given by the London penetration
depth )\=k;1 needs to be compared with the second length
scale that characterizes the action, Eq. (2_1) which is the
superconducting coherence length &=vc/|t|. The ratio x
=M\/¢ is the Landau-Ginzburg parameter. For x— 0, order-
parameter fluctuations are negligible (this is the limit of an
extreme type-I superconductor), and the renormalized mean-
field theory becomes exact. For nonzero values of « the fluc-
tuations of the order parameter cannot be neglected, and the
question arises whether or not they change the first-order
nature of the transition. We will investigate this question next
by means of two different technical approaches.

(3.4b)

C. € expansion about d=4

We first perform a momentum-shell RG analysis of the
action, Eq. (2.3), in d=4 - € dimensions. The propagators can
be read off the action, Eq. (2.3). For the ¢ propagator we
have

Yl ) =~ (3.62)

t+ck®
In Coulomb gauge, V-A=0, one finds for the gauge-field
propagator

A A

S —kik
(Ai(k)A (- k)) =47TM—I#L, (3.6b)

where 12,- denotes the components of the unit vector k=k/k.
(-+-) denotes an average with respect to the Gaussian part of
the action [Eq. (2.3)]. The vertices as given by the action, Eq.
(2.3), are shown graphically in Fig. 2, and the one-loop dia-
grams that renormalize the various coupling constants in the
action are shown in Fig. 3. The calculation is now a straight-
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FIG. 2. Interaction vertices as given by the action [Eq. (2.3)].
Solid and dashed lines denote the electron fields ¢ and ¢, respec-
tively, and wavy lines denote the gauge field A. The dotted lines
serve to separate different components of the electron fields.

forward generalization of the one for the s-wave case.! We
define the scale dimension of a length L to be [L]=-1, and
exponents 7 and 7, by choosing the scale dimensions of the
fields ¢ and A to be [(x)]=(d-2+7)/2 and [A(x)]=(d
—2+1,)/2, respectively. We find RG recursion relations

dt +2)u+4
—=(2- 77)t+3cq2,u+w, (3.7a)
dl t+c
du (n+ 8)u” + 8uv + 8v>
A e — _324 2,
a1 = e 2 (1+0) CaH
(3.7b)
dv nv* + 12uv
—=(e=-2 -, 3.7
Ul (e-2nv (1o) (3.7¢)
dc czqz,u
a3 , 3.7d
ar =TT (3:7d)
du n (3t +¢)qg*u?
— = -, 3.7
a - T e o) (37¢)

- p—— - —

FIG. 3. One-loop diagrams that renormalize the coupling con-
stants 1, ¢, u, v, ¢, and u in Eq. (2.3).
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dg 1

T 2(6 9. (3.71)
Here /=In b with b the length rescaling parameter, we have
redefined 47— w, and we have absorbed a common geo-
metric factor in the coupling constants u, v, and u. For v
=0, these flow equations reduce to those of Ref. 1, as they
should.

We now look for FPs of Egs. (3.6a) and (3.6b). Since we
are interested in superconductors (as opposed to superfluids),
we are looking for a FP where the charge is nonzero. Equa-
tion (3.7) immediately yields

74 = €. (3.8a)

Anticipating a FP value ¢ of ¢ that is of O(e), Eq. (3.7) then
implies (¢>u)*=6€/n+0(€*). If we choose 7 such that c is
not renormalized, Eq. (3.7) in turn yields

7=—18¢en+ 0(&). (3.8b)

We now look for FP values of u and v that are of O(e).
Equation (3.7) then indeed yields *=0(e€) so the remaining
task is to consider Egs. (3.7b) and (3.7¢). Let us define x
=u"/ec* and y=v*/ec?. The remaining FP equations then
read

36 108
(n+8)x> + 8xy + 8y* - (1 + —>x+ — =0, (3.9a)
n n

) 36
ny*+12xy—{1+—|y=0. (3.9b)
n

This set of two coupled quadratic equations has four so-
lutions. Two of these are given by

y=0 (3.10a)
and x—a solution of
36 108
2 ~0
(n+8)x —(1+ n)x+ 2 =0. (3.10b)

Equation (3.10) is the same condition as in the s-wave case.!

It has a real positive solution for n>n}~365.9. In this case,
vy=0, and uy=c’xe+O0(€?) >0. We will refer to these as the
s-wave FPs. The only other real solutions of Eq. (3.10) occur
in the unphysical region n<-5.9.

For y #0, we have

(3.11a)

and y—a solution of
n*(n? + 8n% — 96n + 1152)y% — 2n(n’ + 38n> + 24n — 1728)y
+ (n® + 68n” + 10081 + 10368) = 0. (3.11b)

For positive values of n, this equation has real solutions only
for n>n?=420.9, which leads to two FPs that we refer to as
the p-wave FPs. A stability analysis shows that of the four
FPs found, the only stable one is the p-wave FP with the
larger value of y. Linearizing about this FP yields the critical
exponent v for the corresponding continuous phase transi-
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tion. For general n, the expression is very complicated. In the
limit of large n, one finds

Vv=2-[1=1/n+0(1/n)]e+ O(&). (3.12)

We conclude that for large n and close to d=4, the phase
transition in p-wave superconductors is continuous, as it is in
the s-wave case, and that the p-wave case is in a different
universality class. The analysis also suggests that for physi-
cal parameter values, n=6 and d=3, the transition is unlikely
to be continuous. Of course, the same caveats as in the
s-wave case apply with respect to the interpretation of this
result. As was shown in Ref. 1, additional information can be
obtained by means of an expansion in 1/n in d=3, and we
perform such an analysis in Sec. III D.

D. 1/n expansion in d=3

The technique of the 1/n expansion in a fixed dimension
was developed by Ma'® for an neutral n-component vector
field, and it was generalized to the presence of a gauge field
in Ref. 1. The basic idea is as follows. Consider the fully
dressed or renormalized counterpart G of the Gaussian
propagator given in Eq. (3.6). Its inverse can be written in
terms of a self energy =,

G Nt,k) =1+ ck®> + 3(1,k). (3.13)
At zero wave number, we have
G'(1,0) =1+ 32(1,0) = 1, (3.14a)

where 5 is the renormalized counterpart of 7. For r approach-
ing its critical value 7., it vanishes according to a power law,

tpe (t=1,)7, (3.14b)

characterized by the critical exponent . This implies .=
-3 (t=t.,0)=—2(t=0,0), which allows determining 7, order
by order in some perturbative scheme. At criticality, Eq.
(3.13) can thus be rewritten:

Gl t=t.k)=ck* +3(t=1t,k) - 3(t=1,0) = k>
=k’[1-nlnk+0(7)], (3.15)

with the critical exponent 7. Now consider a perturbative
expansion for % with 1/n as the small parameter. Assuming
that # is small, it thus can be determined perturbatively from
the wave-number dependence of (r=t.,k)-2(t=t,,0). To
zeroth order in this expansion, there is no contribution so
G t=t.,k)xk* and 5=0. To first order in 1/n, there is a
contribution, as one would expect from the result of the e
expansion [Eq. (3.8)].

Similarly, y can be obtained perturbatively from the be-
havior of the self-energy at k=0. From Eqgs. (3.13) we have

tr+2(tg=0,0) = 2(1p,0) =t =1, 17, (3.16)

To zeroth order in 1/n one finds, in d=3, 2(tx=0,0)
—>(tg,0) t,l{ 2 That is, v=2, which is result for the spherical
model. If we write corrections to this result in terms of an
exponent ¢, 1/y=1/2-{, we have
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S(tg=0,0) = (12,0) = 17 =11 = £ In 15+ O(P)].
(3.17)

{ can just be obtained as the prefactor of a dependence of the
self energy on t,le/ 2 1n tg.

For s-wave superconductors, this calculation has been
performed in Ref. 1. For the current problem, the calculation

is straightforward. This calculation yields

-1041

= —+0(1/n?), 3.18

=55t (1/n%) (3.18a)
1001

y=2<1———+0(1/n2)>. (3.18b)
™ n

All other static critical exponents can be obtained from these
two by means of scaling relations. In particular, for the cor-
relation length exponent v we have

3521
- ===+ 0(/n?).
37 n (V)

v=1

(3.18¢)

To this order, v is positive for n>352/372=~11.9, which
suggests again that the transition is first order for the physi-
cal case n=6 in d=3.
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IV. SUMMARY

In summary, we have considered the critical behavior of a
p-wave superconductor in both an € expansion about d=4
and in a 1/n expansion in d=3, in analogy to the analysis of
s-wave superconductors in Ref. 1. We have found that the
results are qualitatively the same: both methods suggest that,
for physical parameter values, the superconducting transition
is fluctuation-induced first order in nature. For a model with
an n-component order parameter, the suppression of fluctua-
tions for sufficiently large n leads to a continuous transition
that is in a different universality class than the corresponding
transition in the s-wave case. To first order in e=4—d, the
critical value of n that separates the first-order and second-
order cases is nc,,,:420.9 for the p-wave case, whereas in the
s-wave case one has n,,=365.9. In a 1/n expansion in d
=3, the critical n value in the p-wave case is equal to 11.9,
compared to 9.72 in the s-wave case. These values have to be
compared to the physical values n=2 and n=6 in the s-wave
and p-wave cases, respectively. The caveats related to critical
fixed points that are not accessible by either perturbative
method that have been discussed for the s-wave case*"-10
apply to the p-wave case as well.
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